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ONE-DIMENSIONAL FLOWS OF A NONEQUILIBRIUM PLASMA WITH VARIABLE 

DEGREE OF IONIZATION IN THE ABSENCE OF CURRENTS 

V. M. Sarychev 

Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No. 6, pp. 18-25, 1965 

The one-dimensional flows of an inviscid plasma not in thermal equi- 

librium and with a variable degree of ionization are investigated in the 

absence of currents. A criterion showing when tile ordinary equations 

of gasdynamics may be used to describe these flows is given. An ex- 

pression is found for the velocity of sound in such a plasma. Under 
certain conditions it passes into Newton's formula for isothermal sound. 
The condition fulfilled in the critical cross section of the channel  is 
found. It is established that the flow of a weakly ionized plasma oc- 
curs at constant electron temperature.  A detailed investigation is 
made of the possible types of flow in a cylindricaI channe l  

A criterion is given which shows when the model of a plasma in ther- 
mal  equilibrium may be applied, and also relationships which permit 
complete calculation of the flow of such a plasma in a channel of var- 
iable cross section, 

Generally speaking, the flow of a plasma with no currents present dif- 
fers from the flow of a nonionized gas. This difference is related to 
the processes of ionization and recombination taking place in the 
plasma. The electrons usually play the main  part in these processes, 
and so the average energies (temperatures) of electrons and heavy par- 
ticles (atoms and ions) may differ. If the inelastic collision frequency 
in the plasma is sinai1 compared with the elastic collision frequency, 
then the temperature difference between the electron component and 
the heavy component of the plasma may be considerable. 

The simplest cases of one-dimensional  plasma flows are considered 
with account for ionization and recombination processes and in the 
absence of thermal equilibrium among the components. 

I. Initial assumptions and the system of equations. 

We will consider the one-dimensional steady-state 

flow of an inviscid plasma not in thermal equilibrium 
using the two-fluid approximation. It is assumed that 

the electrons have a Maxwellian velocity distribution 

and that the time for the plasma to arrive at a state 

of thermodynamic equilibrium is much less than the 

characteristic times of the other processes under 
consideration. It is assumed for simplicity that the 

plasma is composed of a monatomic gas, while direct 

ionization by electron impact is important: 

(n) + (e) -~ (i) + 2 (e). 

For thermodynamic equilibrium this process should, 

by the principle of detailed balancing, be balanced by 

the reverse recombination process: 

(i) -f- 2 (e) -~ (n) ,'-- (e). 

S i n c e  i o n i z a t i o n  c o m e s  a b o u t  i n  t h e  f o r w a r d  p r o c e s s  

o n  a c c o u n t  o f  t h e  e l e c t r o n  e n e r g y ,  t h e  e n e r g y  r e l e a s e d  

i n  t h e  r e v e r s e  p r o c e s s  u p o n  r e c o m b i n a t i o n  i s  a l s o  

t r a n s f e r r e d  t o  t h e  e l e c t r o n .  T h e  i n e l a s t i c  p r o c e s s e s  i n  

t h e  p l a s m a ,  i f  t h e y  a r e  o f  s u c h  a n a t u r e ,  a r e  d e t e r -  

m i n e d  b y  t h e  e l e c t r o n  t e m p e r a t u r e  a l o n e .  T h u s ,  f r o m  

t h e  p o i n t  o f  v i e w  o f  a p r o c e s s  c h a n g i n g  t h e  p l a s m a  

c o m p o s i t i o n ,  w e  m a y  i n  t h i s  e a s e  c o n s i d e r  a p l a s m a  

w h i c h  i s  n o t  i n  t h e r m a l  e q u i l i b r i u m  a s  a p l a s m a  i n  

thermal equilibrium with a temperature equal to the 

electron temperature in the nonequilibrium plasma, 
and determine its concentration by means of Saha~s 
equation from the electron temperature (see also [I]). 

The system of macroscopic equations for the plas- 

ma components is given in the general case in [2], for 
example. For our case the equation of conservation of 

the number of heavy particles, Saha's equation, and 

the equations of state, motion and energy for the plas- 
ma as a whole and for the electron component separ- 

ately may be written in the form 

d (n~ 'S) :=  O, '2~2 . . . .  2 gi (2~mekte)% ( eU!'l 
dx  n - -  % g~- h, ~ ex p . - -  -kte- ] , 

p =  n~',  ( P -  t,-~ p~, T ~ t _~ net~ ] 
, ~' T - ~ - /  ' t)~ - -  n , s  

dpe (1.1) dv dP __ dNe]Tx m n v ~  + ~  = : 0 ,  g~ . , 

d , ~ ] F  - / 5 -  . 6 monS k ( t ~ - - t )  

Here  S is  the a rea  of the channel c r o s s  sect ion,  

gi and gn are the statistical weights of the quantum 
states of the ion and the neutral atom, t is the tem- 

perature of the plasma component, T is the general- 

ized temperature, Ui is the ionization potential of 

the atom, k and h are BoltzmannVs and PlanckVs con- 

stants, P is the plasma pressure, Ex is the polari- 
zation field strength in the plasma, T e is the relaxa- 
tion time for the electron momentum, 6 is a constant 

~1. 
The variables without indices relate to the heavy 

component of the plasma, and those with the index e 

to the eleetroxis. The dielectric constant and magnetic 

permeability of the plasma are taken as being equal 

to the values in a vacuum. 

We shall make a short remark concerning the po- 

larization field in a plasma. Since we may neglect the 

inertia of the electrons in comparison with the heavy 

particle inertia, the forces on the electrons should mu- 
tually balance~ The action of the electron gas pressure 
gradient is compensated by the polarization field which 

arises as a result of the separation of charges in the 

initial nonequilibrium period of motion. 
If dpe / dx ~ 0, then the polarization field strength 

Ex > 0. Moving in this field the electrons expend their 
energy, and the ions, and consequently the entire 

heavy component, acquire an energy -- vdpe/dzper 
unit volume per second. If dpe / dz ~ O, then E x < 0, 

and the heavy component loses, the electrons acquir- 

ing the energy indicated above~ Energy exchange 

through the compensating polarization field occurs 

without dissipation as distinct from energy exchange 
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through pa i r  in te rac t ions  of charged  pa r t i c l e s .  
2. Genera l  ana lys i s  of the equat ions.  Speed of  

sound. It is  eas i ly  seen that  Eqs.  (1.1) pas s  into the 
o rd ina ry  equat ions of  gasdynamics  fo r  

n~/n - - a  < kt/eUr (2.1) 

Here  ~ is the  degree  of ionizat ion of the p la sma .  
El iminat ing the va r i ab les  n, P,  Pe and E x f r o m  

Eqs.  (1.1) and solving the resul t ing  equations with 
r e spec t  to the der ivat ives ,  we obtain 

( M  s - -  M,~) I dv 

2 a ( O - - l )  {?~ 3 )  Z M*~dS 
= - - ~ a  ~ - - y - 4 - - ~ +  -~-+- -~- -~( ,  (2.2) 

~ t  2 [  
(MS--M*S)T- f f~  ~ = (M~-- !) ~-~ 

+ - 5  2(U+~_l_.__+a03 t ) ;Sa(O--l)--~ 2MZ3 S dSd~, (2.3) 

" .2" I dte: M-,s. t dU ( M s - ' M  ) i ~ ~ ~ - - - - - (  M s - - ' -  ) ~ - - ~ =  

2 - - a  2 aOU ~ 0 ~ t  Z 
= - -  ~ (MS-- t )  5 l - ~ 0 J  0U 

t [ i +  v_-~a ]M,~S 
2u (I - -  a)J ~ -  ~ ' ( 2 . 4 )  

M,, v i d~ (U (M s - . . _  ) - ~  = _ (MS--~) + \ 

+3\(~2) 0 - - t  Z I Mz d,,q 
ou ~ ~ S d--~' 

te eUi x M S ~  53 mv~kT ' O ~ - F '  U "  k-~~ ' =  ~ Z - '  (2.5) 

z rn~ L 3 7 ~ 5ct 
~ = U + 3 +  4 U ( l - - a ) '  

M *~ ----- t - -  2 aO U - -  , 
5 l + a O  

Here  1VI2 is a d imens ion less  var iab le  analogous to 
the Mach number ;  0 is a d imens ionless  var iab le  c h a r -  
ac t e r i z ing  the deg ree  to which the p lasma  is in t h e r -  
mal  nonequi l ibr ium;  U is a d imens ion less  var iab le  
i nve r se ly  p ropor t iona l  to the e lec t ron  t e m pe ra tu r e ;  

is the d imens ion less  coordinate  along the channel 
axis ;  L is a c h a r a c t e r i s t i c  d imension  of the channel;  
Z is a d imens ion less  var iab le  c ha r a c t e r i z i ng  the f r i c -  
t ion between the p l a sma  components ;  M* is a c r i t i ca l  
value.  

It can eas i ly  be seen that the c r i t i ca l  value of M 2 
is a lways s i tuated in the in terval  f r o m  3/5  to 1, i~  
between the i so the rma l  and adiabat ic  va lues .  Equat -  
ing M 2 and M *~, we find an express ion  for  the c r i t i ca l  
ve loc i ty  o r  the ve loc i ty  of  sound: 

2 ~o _v~_sP (i 2 v 5 p 
a ' =  (t 51+r F~/3 p = [ l + a O  - -~ -~ ' ) ] - 5 -V . (2 .6 )  

Here  p = mn is the p lasma  densi ty .  
I fp ,  ~ p (a0 ~ l), then the veloci ty  of  sound in the 

p l a sma  coincides  with the ve loc i ty  of sound in an o rd i -  
n a r y  gas ,  as  might  be expected.  In the second l imit ing 
case  when ~0 >> t and U ~ 1, fo rmula  (2.6) pas ses  
o v e r  into Newton's  fo rmula  fo r  i so the rma l  sound a', ~= 

= -p  / p. This is explained by the fact  that  in this  case  
the p l a s m a  p r e s s u r e  is de te rmined  by  the p r e s s u r e  of  
the e lec t ron  component .  However,  on the assumption,  
a l r eady  made,  that  the equi l ibr ium concent ra t ion  is 
rapidly  attained in the p lasma,  and fo r  U >> 1, the p r o -  
c e s s e s  of ionizat ion and recombinat ion  taking place in 
the p l a sma  a re  v e r y  sensi t ive  to the e lec t ron  t e m p e r a -  
t u re  and s tabi l ize  it .  In the remain ing  ca se s  the ve -  
loci ty of sound in the p lasma  l ies between the i so the r -  
mal  and adiabatic values .  

Fo r  M ~ = M *s the r ight  s ides of Eqs.  (2 .2 ) - (2 .5 )  
vanish s imul taneous ly  on fulf i l lment of  the condition 

t d8  2 8 a ( O - - t ) { r r  3) Z ( 2 . 7 )  
d: - 5 M*~T4-Tr ~ + ~-" 

Thus the c r i t i ca l  c r o s s  sec t ion  in the flow of a non- 
equi l ibr ium p lasma is not si tuated in the th roa t  of the 
channel, but where  the va r i ab les  sa t isfy  condition (2.7). 

If  te > t, then the c r i t i ca l  c r o s s  sect ion is si tuated 
in the expanding pa r t  of the channel, and if  te < t in 
the cont rac t ing  par t .  

We obtain the equations for  the d imens ion less  v a r i -  
ables M 2 and O: 

(M 2 _ M , s )  1 d(M~) 

2 

_.  ,s7 I dS' 

M _t/i do  
t '~ } 0 - - t  Z 2 (  3)  t M~dS (2.9) + or a T ~ + ~  U + ~, s d~ 

The sys t em of equations (2.4), (2.5), (2.8), and (2.9) 
is equivalent  to the sys t em of equations (2 .2 ) - (2 .5 ) .  

It follows f r o m  Eq. (2.9) tha t  the p l a sma  can r e -  
main  in a state of the rma l  equi l ibr ium only when flow- 
ing in a cy l indr ica l  channel .  

We obtain the following express ion  for  the po la r i -  
zation field in the p l a sma :  

k,e h 7-5  1 ~ E~ = eL~ LL + 2UO--~J  6 - Z +  

M 2 5 _7_--5a I X  
-~" ~ r ~ - - ~ [  U + 5 +  4 U ( t - - a ) j  

t dS 2 _8 a(O--t) (U 

F r o m  the equations of conserva t ion  of the number  
of  heavy par t i c les ,  the ene rgy  of the p lasma  as a 
whole (1.1), and Saha 's  equation, we obtain re la t ion-  
ships between the d imens ion less  var iab les :  

1 + a O  6 OV (Ms + 3) + ycr = r 

r - v 8  ['1 + r MST'/, 
t----~, ---- ~ L - ' ~  J ' 

(v g r  L-5 ~v' (2~el~/'(eU~)~ 2 ~ 3 m /  ~ 7 7 / "  

(2. i i )  
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Se t t ing  the  e x p r e s s i o n  f o r  0U / (t + a 0 )  f r o m  the  
f i r s t  e q u a t i o n  of  (2 .11)  in to  (2.6) ,  we obta in  

a~ M ~ + 3 + 6 ( c ~ - - a - - t / ~ ) O a U ~ / 5 ( t + ~ a O ~ )  5 P (2 .12)  
= M ~ S + 3 + 6 ( a x - - a + l / 3 ~ ) O x U x / 5 ( i + c t ~ O x )  3"p- "  

3, F low of w e a k l ~  i o n i z e d  p l a s m a .  If  p ,  < p (~0 < 
!), but  

n e eU i 
~t >~ 1 ( ~ 0 U ~ > l ) ,  

t hen  E q s .  ( 2 . 2 ) - ( 2 . 5 ) ,  (2.8) ,  and (2.9)  s i m p l i f y  in the 
f o l l o w i n g  m a n n e r :  

$e : c o n s t  (U = c o n s t )  

i dv 2 t dS 

t dt I dO (M ~ - -  t)  --/--~ = - -  (M'  - -  1) ~ - ~  = 

2 ( ~-l~(o-~)z 2 ~ ~s 

t d a  0 - - t  
d~ = ~ Y V ,  z '  

t~ i d(M*) • 

2 (M ~ + 3) 1 dS (3 .1)  • ~ (O - -  t) Z + ~- 2 (  

Thus  p l a s m a  f low u n d e r  t h e s e  c o n d i t i o n s  o c c u r s  at  
a c o n s t a n t  e l e c t r o n  t e m p e r a t u r e .  An e x p l a n a t i o n  of  
the  c a u s e s  o f  e l e c t r o n  t e m p e r a t u r e  s t a b i l i z a t i o n  is  
g i v e n  a b o v e .  In t h i s  c a s e  t he  d e g r e e  of  i o n i z a t i o n  
i n c r e a s e s  f o r  t e > t and d e c r e a s e s  f o r  t e < t .  

o ~;~ ' 4 z 

Fig.  l 

H e r e  the  c o n d i t i o n  in the  c r i t i c a l  c r o s s  s e c t i o n  

has  the  f o r m  

t d S 2  s d~ Z 6 a ( O - 1 ) z  ' (3 .2)  

and the  p o l a r i z a t i o n  f i e ld  s t r e n g t h  in the  p l a s m a  is  

d e t e r m i n e d  by 

ktei r O--  1 
E~ = - [ U f 6  - ~ -  Z -I- 

+ 3-tz-:-~ L - d  d ~  - -  ' 

In the  c a s e  u n d e r  c o n s i d e r a t i o n  r e l a t i o n s  (2 .11)  
s i m p l i f y  a s  fo l lows :  

M ~ +  3 6 
0U~ + y a  = COnS~, ~ -  

The  l a t t e r  r e l a t i o n  r e d u c e s  to the i n v e r s e  p r o p o r t i o n -  
a l i t y  of  the  d e g r e e  of  i o n i z a t i o n  ~ to the  s q u a r e  r o o t  
of  i t s  d e n s i t y .  

" \  I~ I 

i i ' , /  

I \ 

i % \  ~z  

Fig.  2 

4. F low in a c : d i n d r i c a l  channe l  (8  = eonst). In t h i s  
c a s e  the  fo l l owing  i n t e g r a l  ho lds :  

m n v  ~ + P = const f o r  \OUM 'z ] V -  + = const. (4 .1)  

Thus  we find f r o m  (2.11)  

a = aa + 6 0W~ k ~,~ T ~ J M ?  k M * + % /  J '  

G [ O~U1Mx ~-\'A M 2 Mz ~+al~ 
U ~,'~ e x p  U = ~- v \ i ' T ~ 0 ~ 0 [ )  A,I~ M-' ~ ~/~ X 

• {6 (t - -  ~1) 01Ui / 5 (i 4- ch01) - -  M1 ~ - -  3 + 

+ ( M  2 ~ 3) m"- (Ml  z + s/s)" / M l  2 ( m  ~ + a/*)~ } X 

X { [Ml:  + 3 + 6~10IU1/5 (1 -]- a I01)- -  

--(31-'  ~ 3) M'~(M/--:,-a/~)'-'/M~"-(M '' ~-a/5)z]' )-1.  (4 .2)  

In F ig .  1 the  con t inuous  l i n e s  r e p r e s e n t  a = a (M2), 

and the  b r o k e n  l i ne s  M .2 = M *~" (M:), wh i l e  

5 I +a~01 (M2 + 3), 

r (oc) = ai -f- 3 1 + axO, 5 - ~ ? )  
2 01U1 (1 - -  

I f  

15 t +u101 (M2 - 1)~.>0 
~q"  32 O~U1M1 ~ 

t h e n  a has  a m i n i m u m  f o r  M 2 = 1, wh i l e  

15 (1 + ctx0x) (Ma"--- 1) ~ 
O~rnin = (Xl 32 01gl/~ll ~ -  

(F ig .  l a ) .  In t he  o p p o s i t e  c a s e  t he  a t t a i n a b l e  v a l u e s  
of  M 2 l i e  o u t s i d e  the  i n t e r v a l  i nc luded  b e t w e e n  the  

roo t s  M~ and M]~ of the  equa t ion  
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3, (r 2U* ~ + r + 3 3.3 { al - - 1 )  
iOn,* +- v~(t--~*)~ r  + to k~* ' 

3 h a,OiUx -- '(5M~ ~ + - - -  _ ~ / M ~  + 

+ M~ "~ (MI~+  3 + 6 ~O~.U~ O. (4. 3) 
5 ~ 2C'(XlO 1 l 

On a t t a in ing  t h e r m a l  e q u i l i b r i u m  (0 = 1), the  p l a s -  
m a  flow in a c y l i n d r i c a l  channel  b e c o m e s  s t e a d y -  
s t a t e  flow. 

We can  e a s i l y  ob ta in  a g e n e r a l  p i c tu r e  of the  p o s s i -  
b le  p l a s m a  flows in a c y l i n d r i c a l  channel  (Fig .  2) f r o m  
the d i f f e r e n t i a l  equa t ions  (2.8) and (2.9) .  The con t in -  
uous c u r v e s  with a r r o w s  in F ig .  2 r e p r e s e n t  0 = 0(M ~) 
fo r  d i f f e r en t  t y p e s  of flow, the  b r o k e n  cu rve  r e p r e s e n t s  
M a~ = M *~ (M') ,  and the  d a s h - d o t  cu rve  

dO ~ M = -- i + 2 a O U  I5aO~ +3 (2 - - a ) / 2 U  (1 --r = 0 .  

F o r  t e < t the  p l a s m a  a lways  p a s s e s  into a s t a t e  of 
t h e r m a l  e q u i l i b r i u m  when the channel  i s  su f f i c i en t ly  
long.  He re  subson ic  flow i s  r e t a r d e d ,  s u p e r s o n i c  flow 
is  a c c e l e r a t e d ,  and the l i m i t i n g  v a l u e s  of M 2 (for 0 = 
= 1) l i e  ou t s ide  the  i n t e r v a l  

{ 2 ag  2 ~ U _ M ,  ~ 
5 u ~ + 3 ( 2 , a ) / 2 0 ( i - - c t )  § ~ 5 l~-~t ~ --  " 

A s  i s  c l e a r  f r o m  F ig .  2, in subsonic  f low the p l a s -  
m a  may,  fo r  te  > t,  e i t h e r  p a s s  into a s t a t e  of t h e r m a l  
e q u i l i b r i u m  or ,  i f  i t  does  not a t t a in  a s t a t e  of t h e r m a l  
e q u i l i b r i u m  in a channe l  of any length,  a t t a i n  sonic  
v e l o c i t y  at  the  channel  ex i t .  

F o r  t e > t in s u p e r s o n i c  f low the p l a s m a  m a y  a t t a in  
a s t a t e  of  t h e r m a l  e q u i l i b r i u m  e i t h e r  in  a cont inuous 
f low o r  a c r o s s  a d i scon t inu i ty .  

The s t e a d y - s t a t e  flow p a r a m e t e r s  (0 = 1) M **~, 
U**, and a * *  a r e  in a l l  c a s e s  d e t e r m i n e d  by  the  r e -  
l a t i o n s h i p s  

v , ,  = =i, =..,+,/, ).. 

- -  5(M**~ + 3), U * * ' / , e x p U * *  = 

= "r \ iWa~01 ] M:t2 M**2+a/.~ X 

X { (t - -  ax) 0zUx/(t + alO~)--5 (mi2 + 3)/6 + 

+ 5(M**~+3)M**~(Mx~+s/~)~/6M~(M**~+~/~) ~ })< 

x { i5 (Mx~+ 3) /~  + ~OW~ / (i + ~0~  )-- 

- -  (M **~ -1- 3) M *.2 fM12 -~- a/a)2/-Mx2 (M**= + s/a)a]* }-I. 

5 t +  ct~O~ FMi~ 
a * * = ~ q  6 ~ L + 3 - -  

M**~ / Ml'+~/a ~'] (4.4) - - ( M * * '  + 3)---~-~ ( M**'+~/ i ]  J ' 

When the  v e l o c i t y  of  sound i s  a t t a ined  at  the  end 
of  the  channe l ,  the  c r i t i c a l  p l a s m a  flow p a r a m e t e r s  
U*, ~*,  and 0* a r e  found f r o m  the  i n i t i a l  va lue s  of 
the  v a r i a b l e s  us ing  the r e l a t i o n s h i p s  

[i~ -4-ai01M~+3 3 [ a I  i l ~  2 _ ~ ,  1 v( t - -~*)  
" ~  4 + T 4 \ ~  - -  ~*v*'/'exp u* = 

5 / 1 + ~ 1 o , ? / ~ [ ~ , , , + I  ) 
= -g \ ~ )  k,vl 1 

i '2  U* .k , {a*U*)%xp2U* 
' ~  = ( S V - -  "t ) a + -~ ( i =--d*7 " (4.5) 

.5. P l a s m a  in t h e r m a l  e q u i l i b r i u m  (0 1). As 
pointed out above,  the  d i m e n s i o n l e s s  v a r i a b l e  Z en-  
t e r i n g  into Eqs .  ( 2 . 2 ) - ( 2 . 5 )  c h a r a c t e r i z e s  the  f r i c -  
t ion  among the  p l a s m a  c o m p o n e n t s .  If  Z ~ t ,  we m a y  
neg lec t  th is  f r i c t i on .  

I f  Z >~ l , t h e n  we should have ] O - -  i [ ~ I. i f  the  
t e r m s  on the r i gh t  s ides  of t h e s e  equat ions  a r e  of  
i den t i ca l  o r d e r  of magn i tude .  Th is  c a s e  c o r r e s p o n d s  
to the mode l  of a p l a s m a  in t h e r m a l  equ i l i b r ium.  The 
c r i t e r i o n  of a pp l i c a b i l i t y  for  the m o d e l  of a p l a s m a  
in t h e r m a l  equ i l i b r i um is found m o r e  a c c u r a t e l y  a s  
fol lows.  A s s u m i n g  d0 /d~  = 0 in equat ion  (2.9), we 
find 

O ~  l - -  2 (U + S/2) M ~ i dS 
3 5Za~I(M 2 -~M, 2) S d~ ' (5 1) 

i5 32_ - 2 U ~I - -  U + 3 + - ~  + v a ( ~ , M ,2 = i - -  y --~ . 

Thus  we obta in  the  n e c e s s a r y  condi t ion  fo r  the  
mode l  to be app l i cab l e  

(U + a/2) M~ d8 
1 0 ~ 1 [ ~  Za~I]M2__M,~] S - ~  [ ~ t .  (5 .2 )  

The condi t ion  fo r  the  usua l  equat ions  of g a s d y n a m i c s  
to  be app l ied  in the d e s c r i p t i o n  of p l a s m a  f lows a l so  
has  the  f o r m  (2.1) in th i s  c a s e .  

Set t ing the  e x p r e s s i o n  fo r  0 - 1 f r o m  (5.1) into 
Eqs .  ( 2 . 2 ) - ( 2 . 5 ) ,  (2.8),  and (2.9), we o b t a i n t h e  s y s -  
t e m  fo r  a p l a s m a  in  t h e r m a l  e qu i l i b r i um:  

( - ~  M~,  S d v  M - -  * ) T ~ ' = M *  ~' 

S da i +~_ M 2  ' 
(M~ - -  M*~) "a" d-# = - -  r 

S dt $ dO" (5.3) ( M  2 _ M ,  ~) -~ - ~  = _ ( M  2 _ M ,  2 ) ~- ~-~ = 

M~[ 2 5] = - - -  i + u~ (l - ~ )  + ~-0 
~1 

,.~d(M~) I2 + 2 5 t M 2  (M2 - -  M*2) M --~ "'dS = ua (l - -a)  + - ~  ~ -  + 2M*'2" 

2 i s  the  c r i t i -  Thus i t  fo l lows tha t  the  v a l u e  M 2 = M ,  
ea l  va lue  for  the  flow of  a p l a s m a  in t h e r m a l  equ i l i b -  
r i u m .  As in the  c a s e  of a p l a s m a  which i s  not in t h e r -  
ma l  equ i l i b r ium,  i t  l i e s  be tween  the  i s o t h e r m a l  and 
ad iaba t i c  v a l u e s .  T h e r e f o r e  we obta in  the  e x p r e s s i o n  
fo r  the  v e l o c i t y  of  sound 

2 U  5 P  

5 + a ' ( l - -  r + th)~ P 
3 + r  p "  (5 .4 )  
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(this e x p r e s s i o n  was obtained p r ev ious ly  in [3] by an -  
o the r  method).  

If ~ ~ U -z, then  the ve loc i ty  of sound in a p l a s m a  
which i s  in  t h e r m a l  e q u i l i b r i u m  coinc ides  with the 
ve loc i ty  of sound in a nonionized gas .  If a U  ~ >~ t and 
U >> 1, then (5.4) p a s s e s  into Newton 's  fo rmula  for 
i s o t h e r m a l  sound. The explanat ion  of th i s  is  s i m i l a r  
to that  g iven for  a p l a s m a  which is  not  in t h e r m a l  equi -  
l i b r i u m .  In the case  unde r  cons ide ra t i on  the c r i t i c a l  
c r o s s  sec t ion  is  s i tua ted  in  the th roa t  of the channel .  
In the subsonic  s t r e a m  

d (M ~) < 0, dv < 0 ,  dt da 
dS ~ 2 5 > 0 ,  - ~ > 0 .  

In the supe r son ic  s t r e a m  the de r iva t ives  r e v e r s e  s ign.  
We obta in  the fol lowing e x p r e s s i o n  for  the p o l a r i z a -  

t ion field s t r eng th  in  a p l a s m a  in  t h e r m a l  equ i l i b r ium:  

Ex = kt M ~ [ t 
- - e L  (M ~ -  M, a)~l U -4- -~ -{- 

5 2 - -a  25] 1 d,.q 
+ ~ g ~ O - ~ )  + ~ ] ~ W '  (5.5) 

In this  case  the r e l a t i ons  be tween the p a r a m e t e r s  
(2.11) have the fo rm 

6 c o n s t ,  i +_._~a ( M  ~ + 3) + 5 a = 
U 

cr 2 ~S 
-- ~ -- U 2 exp U [(I + cr i ~ ] ' l , .  (5.6) 

We find yet  ano the r  i n t eg ra l  f rom the second and th i rd  
equat ions  of (5.3): 

+ + ff  + 2 in = U c o n s t ,  (5. 7) 

Equat ions  (5.6) and (5.7) al low us  to find M 2, U, and 
as funct ions  of S. Sett ing U ( ~ ) f r o m  ( 5 . 7 ) i n  (5.4), 

we find the ve loc i ty  of sound 

P 

X [3 (i + a) ~ + a (i - -  a) [{(t + al) (U1 + ~/2) + eel - -  a + 2L(~)} 2 + s/~]- 1. 

L(a) = in lax (t -- a) / a (t i ~] ) ]  I ( 5 .  8 )  

For  s t e a d y - s t a t e  flow in a cy l i nd r i ca l  channel  we have 

( l  + = '~'/'(M2 = + oo. t. (5.9) 

Thus we find f rom the f i r s t  equat ion of (5.6) 

A --  M2 (M~ + 3 + %U) = eonst, 
(M 2 + z/~)z 

(5.10) 

max A f o r  M~ = 3 ~r + 5 A 
U �9 v - - - 4 ~  J 

This  va lue  of M 2 c o r r e s p o n d s  to the propagat ion  
ve loc i ty  for  weak d i s t u r ba nc e s ,  so the ve loc i ty  of 
sound is  

a ~ U + V ~  P (5.11) 
= U+~l~ p 

It follows f rom the second equat ion of (5.6) and 
(5.7) that  for  a ~ t the p l a s m a  wil t  be ba ro t rop ic  
(P ~ p%); in th is  case  we have f r o m  (5.6) and (5.7) 

V B 
a~exp U = const, (M2),I~ S const, 

6 M ~ + 3 Q_ T a = const (5.12) 
~f - 

Thus we have M 2 as a funct ion of S/S*: 

(M~ + 3)2 (5~ 13) 
i6 (M2) '/~ --  

f 3 F [ F v* 2)/,, ( s v /q \ ] \  ~ s 

It follows f r o m  this  fo rmula  that  when ion iza t ion  is 
p r e s e n t  the cu rve  S/S* (M 2) l i es  lower  that  the c o r r e -  
sponding cu rve  for  an o r d i n a r y  gas (when ioniza t ion  is  
p r e s e n t  an iden t ica l  i n c r e a s e  of Much n u m b e r  is  a t -  
ra ined  for  a s m a l l e r  va r i a t i on  of channel  c r o s s  s ec -  

t ion  than for  an o r d i n a r y  gas).  
Moreover ,  we find S/S* as a funct ion of U, and 

also of ~: 

s u :[  - 3  + 6 ( 1 -  (5 .14)  -fi- ~ _  (-ff~) 4 -y~  - ~ a * U  exp ~ , , j  , 

~ ( l +  2 

2 + : (5.15) 

The curve  (5.14) a lso  l i e s  lower  than the c o r r e -  
sponding curve  for  an o r d i n a r y  gas (when ion iza t ion  
is  p r e s e n t  an iden t ica l  va r i a t i on  of t e m p e r a t u r e  is  at-  
t a ined  for  a s m a l l e r  va r i a t i on  of channel  a rea  than in 
the case  of an o r d i n a r y  gas) .  

The author is grateful to M. N. Kogan for discuss- 
ing the paper. 
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